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Rotation Vector in Attitude Estimation

Mark E. Pittelkau¤

Johns Hopkins University, Applied Physics Laboratory, Laurel, Maryland 20723

An alternative derivationof the spacecraft attitude determination � lter is developed to avoid questions of quater-
nion normalization or attitude matrix orthogonality constraints, quaternion covariance, and subterfuges used to
circumvent these problems. This derivation is based on the Bortz equation for the rotation vector. Because the rota-
tion vector is an unconstrained representation of attitude, the aforementioned questions do not arise. Singularities
in the state dynamics equation are avoided by maintaining the predicted body attitude as the inertial reference
for the � lter. A simple discrete solution to the Bortz equation provides accurate attitude propagation for highly
maneuverable spacecraft and also in the presence of jitter.

Introduction

S EQUENTIAL attitude estimators are most often based on the
extendedKalman � lter (EKF) where the attitudemodel is based

on the quaternionkinematics equationoperatingin a model replace-
ment mode,1 where the gyro measurements replace the Euler equa-
tion that would otherwise model the dynamics of the angular rate.
The � rst comprehensive exposition of the quaternion-based atti-
tude determination� lter is the renownedLefferts–Markley–Shuster
paper1 in which both the full-quaternion and the reduced-order
body-referenced � lters are derived. Other approaches to attitude
parameterization have been considered by various authors, for ex-
ample,Euler angleparameterization,2;3 Rodriguesparameters4 (also
called the Gibbs vector), and modi� ed Rodrigues parameters.5 Be-
cause these state vectors are allowed to represent any attitude, they
can approacha singularityat certain attitudes.The covariancegrows
large near the singularity even though the attitude estimation error
(in terms of body-axis rotation error) might be small, and so nu-
merical dif� culties can be expected.State estimate propagationalso
requires the solution of a nonlinear differential equation, which is
also problematicnear a singularity.Integrated-rateparameterswere
used in Refs. 6 and 7 for propagation and update of a direction co-
sine matrix (DCM), but the algorithmrequiresmore computationin
addition to a costly DCM orthogonalizationstep.

The various kinematic representations of attitude necessitate
implementation in an EKF. As a result, the full- and reduced-
order quaternionestimatorsperform an additive quaternionupdate1

(which can be shown to be equivalent to a nonnormalized multi-
plicative update). Quaternion normalization is lost in the update
and must be restored in a normalization step.8;9 One dif� culty with
the derivation in Ref. 1 is that the quaternion covariance was as-
sumed a priori to be singular,which might not be correct and makes
the derivation less rigorous.

The objectiveof thispaper is to presentan alternativederivationof
the spacecraftattitudedetermination � lter that is not subject to con-
ceptualdif� cultiesof quaternionestimationand questionsof quater-
nion normalization or attitude matrix orthogonalityconstraints and
the various subterfuges that attempt to circumvent these problems.
The derivation in this paper is based on the Bortz equation for the
rotation vector.10¡12 The idea in this approach is to maintain the
attitude information in nonsingular storage (either a quaternionor a
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direction cosine matrix) and the attitude error in the three-
dimensional rotation vector in the � lter. The expected value of the a
priori estimateof the rotationvector is maintainedat zero by moving
the attitude information from the rotation vector to the nonsingular
storage immediately after each update. The estimation error is the
differencebetween the true rotationvectorand the estimate, the esti-
matebeingthezero rotationvector.The covariancematrix represents
the uncertainty in this estimate. Because the estimated rotation vec-
tor is zerobeforea measurementupdateand isa small incrementalat-
titude estimateafter a measurementupdate (under normal operating
conditions), it is always far away from a kinematic singularity,a lit-
tle less than 2¼ radiansaway. Thus, both the state and the covariance
are well behaved. The development in this paper can be considered
a special case of the development in Ref. 13, where the Gibbs vector
is favored as the three-dimensionalattitude representation.Because
all small angle attitude error representations are equivalent to � rst
order,with the exceptionof the Euler angles,13 the rotationvector � l-
ter might be familiar to the reader. Fundamental differenceslie only
in its derivation,namely, issuesof covarianceconstraintsandquater-
nion normalization or attitude matrix orthogonality are avoided
entirely.

A generally minor concern is the effect of coning error, which
occurs when the angular rate vector is not aligned with the rotation
vector that describes the change in attitudeover the gyro sample in-
tervalandwhen this effect is not taken intoaccount in propagationof
theattitudeestimate.Coning is generatedbyarbitraryspacecraftma-
neuvers and spacecraft jitter. Although coning is negligiblefor most
spacecraft, it is a nonnegligibleeffect for fast, highly maneuverable
precision-pointingspacecraft.This can be of importance also when
performing alignment calibration14;15 for maneuvering spacecraft
because state propagation errors can bias the calibration estimates.
The advantage to using the rotation vector as the attitude parame-
terization is that accurate attitudepropagationalgorithmshave been
developed and proven in aircraft navigation systems where coning
error is a major concern.11 Note that some gyros such as the Hon-
eywell YG9666C compensate internally for coning and output a
rotation vector rather than an integrated rate vector. Coning com-
pensationcan be adapted to other attitude determination� lters such
as those in Ref. 1.

A brief overview of some notation and de� nitions is given in the
next section.We then introduce the rotationvector, whose kinemat-
ics are governed by the Bortz equation.10¡12;16 An attitude deter-
mination � lter based on the Bortz equation is then derived, and we
present discrete solutions to the Bortz equation for accurate attitude
propagation.

Notation and De� nitions
Let p, q, and r be unit quaternions,and let Tp , Tq , and Tr be cor-

respondingtransformationmatrices (also called DCMs). The vector
part of q D .qx ; qy ; qz; qs/

T is qv D .qx ; qy; qz/
T , and the scalar part
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is qs . The operator­and operatormatrix [p­] are de� ned such that

r D p ­q D [p­]q D

2

664

ps pz ¡py px

¡pz ps px py

py ¡px ps pz

¡px ¡py ¡pz ps

3

775

2

664

qx

qy

qz

qs

3

775 (1)

and Tr D TpTq . An ~ operator and operator matrix [q~] are also
de� ned such that r D q~p D [q~]p gives the same result, only the
order of the quaternions is reversed. Likewise, the vector cross-
product operator matrix [u£] is de� ned such that [u£]v D u £ v. A
unit quaternion is one with unit norm, that is, q is a unit quaternion
if jqj D 1. The conjugate p¤ of a quaternion p D .px ; py; pz; ps/

T

is p¤ D .¡px ; ¡py; ¡pz; ps/
T . For a unit quaternion p¤ D p¡1 so

that p¤ ­p D p ­p¤ D .0; 0; 0; 1/T and similarly for the ~ oper-
ator. All quaternions herein are unit quaternions. Note that [q­]
is an orthogonal matrix because [q­][q¤­] D [q­][q­]T D I and
[q­]¡1 D [q­]T . The [q~] operator matrix is also an orthogonal
matrix.

As discussed in many books and papers on kinematics, for exam-
ple, Refs. 17 and 18, a transformationfrom one coordinateframe to
anothercan be representedas a rotationabout a singleaxis. Let Á be
a rotation vector, ’ D jÁj, and de� ne �Á D [ Á

0 ]. For any quaternionq
there exists a rotation vector Á such that

q.Á/ D

2

4
1
2

Á
sin.’=2/

’=2

cos.’=2/

3

5 (2)

[q.Á/­] D cos.’=2/I C sin.’=2/

’
[ �Á­] (3)

Also for any attitude matrix A there exists a rotation vector Á such
that

A.Á/ D .cos ’/I ¡ sin’

’
[Á£] C 1 ¡ cos ’

’2
ÁÁT (4)

We will denote a 3 £ 3 identity matrix by I and all other identity
matrices by I.

A vector v is represented in a frame a by the notation va . A refer-
ence frame transformationfrom a frame a to a frame b is written Tb

a .
The same notation is used for other typesof attituderepresentations,
for example the quaternion qb

a and the rotation vector Áb
a .

Let Áb
a represent the rotation vector describing the attitude of a

frame b with respect to a frame a, and let Ác
b represent the rotation

vector describingthe attitudeof a frame c with respect to a frame b.
The attitudematrix representing the attitudeof frame c with respect
to frame a is given by

A
¡
Ác

a

¢
D A

¡
Ác

b

¢
A

¡
Áb

a

¢
(5)

Similarly, the attitude quaternion representing the attitude of frame
c with respect to frame a is given by

q
¡
Ác

a

¢
D q

¡
Ác

b

¢
­q

¡
Áb

a

¢
(6)

When reference is made to attitude,we generally mean the orien-
tation of the body frame with respect to an inertial reference frame
(e.g., J2000), and the frame notation is omitted. A particular atti-
tude quaternion or attitude matrix will be tagged with a subscript,
for example, qk or Ak , or will have a tagged argument, for example,
q.Ák/ or A.Ák /.

The notation Ef¢g means to take the expected value of the argu-
ment. The underlying density function is implied by the context in
which the expectation operator is used. An estimate of the state xk

at time tk conditioned on measurements fy j ; y j ¡ 1; : : : ; y1g will be
written Oxk j j , whereas an estimate with no speci� c time or condition-
ing will be written with only a caret (e.g., Ox/. The notation Oxkj j is
redundant because the subscript indicates an estimate, but the caret
is retained for clarity to aid the reader. We realize that there is some

ambiguity in the notation for the estimate of attitude, for example,
Oqb

i vs Oqb
i vs bqb

i vs Oq Ob
i . Because it is the orientationof an attitudeframe

that is of interest,perhapsq Ob
i (the superscriptis Ob) is the most precise

notation. However, we will use the more common notation Oqb
i with

the understanding that it is the attitude frame b that is estimated.
Similarly, for vectors we will write Ovs with the understanding that
the frame s is estimated.

Rotation Vector in Attitude Estimation
Gyro Measurement Model

For simplicity, we will assume that we have three single-axis
rate-integratinggyros whose sensitive axes are aligned with the or-
thogonal axes of the spacecraft body reference frame, and we will
assume that the scale factor error is zero. We will refer to this set of
gyros as simply “the gyro.” The true angular rate vector is denoted
!, and the measurement is denoted !g . The rate measurement is
related to the true angular rate by

!g D ! ¡ b ¡ ´a (7)

so that

! D !g C b C ´a (8)

where b is the gyro bias vector and ´a is a white-noise process with
autocovariance Ef´a.t/´T

a .¿/g D 6a±.t ¡ ¿ / D ¾ 2
a I±.t ¡ ¿ /, where

¾ 2
a is the “angle random walk variance” and ±.t/ is the Dirac delta

function.[The bias is de� ned in Eq. (7) with the oppositeof the usual
sign conventionto eliminate negativesigns in later derivations.]The
gyro bias can be modeled by the rate random walk model

db
dt

D ´r (9a)

or by the � rst-order Gauss–Markov model

db
dt

D ¡ 1

¿
b C ´r (9b)

where ´r is a white-noise process with autocovariance
"f´r .t/´T

r .¿ /g D 6r ±.t ¡ ¿/ D ¾ 2
r I±.t ¡ ¿ / and where ¾ 2

r is the
“rate random walk variance.” The rate random walk model (9a)
is chosen for simplicity.

Kinematics of the Rotation Vector
Rate-integratinggyros produce an angular increment vector µ DR tk

tk ¡ 1
! dt overa short intervalof time [tk ¡ 1; tk ], whereas theattitude

frame rotation is Á D
R tk

tk ¡ 1
PÁ dt . But Á 6D µ unless ! is constant in

direction. The time derivative of a rotation vector Á as a function
of ! is given by the Bortz equation10¡12:

PÁ D ! C 1

2
Á £ ! C 1

’2

µ
1 ¡ ’ sin ’

2.1 ¡ cos ’/

¶
Á £ .Á £ !/ (10)

It is evident that the Bortz equation exhibits a pole at ’ D 2n¼ ,
n D §1; §2; : : : : This is simply a result of the fact16 that there is no
three-dimensional parameterization of attitude that is both global
and nonsingular. This presents no dif� culty for us because we will
design an attitude determination � lter based on small rotations (so
that the rotation vector is a locally nonsingular three-dimensional
parameterization) and we will accumulate the incremental attitude
in a quaternion so that ’ never gets large. (A DCM could also be
used for storage, but the quaternion is easier to use.) For small ’ it
can be shown that the Bortz equation is well approximated by11

PÁ D ! C 1
2 Á £ ! C 1

12 Á £ .Á £ !/ (11)

which we havede� ned as an equalityfor practicaluse. This equation
with the last term omitted is known as the coning equation11

PÁ D ! C 1
2 Á £ ! (12)
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Observe also that although a composition rule Á D Á1 ± Á2 for
rotation vectors can be written (see Appendix), it is not globally
nonsingular. However, q.Á/ D q.Á1 ± Á2/ D q.Á1/ ­ q.Á2/ and
A.Á/ D A.Á1 ± Á2/ D A.Á1/A.Á2/ can be regarded as nonsingular
equivalents.We will make use of this fact in choosing the lineariza-
tion point for the Bortz equationand also in formulating the attitude
propagation and update equations.

Linearized State Equation
The Bortz equation is augmented with the bias state to form the

state equation
µ PÁ

Pb

¶
D

µ
! C 1

2 Á £ ! C 1
12 Á £ .Á £ !/

03 £ 1

¶
(13)

where ! is given by Eq. (8). The augmented state equation can be
written Px D f.x/.

The approximated Bortz equation (11) must be linearized about
some state trajectory Nx in order to build an EKF. Thus we seek the
linearized state equation ± PNx D F.Nx/± Nx, where

F .Nx/ D
@f

@xT

­­­­
x D Nx

D

2

664

@ PÁ
@ÁT

@ PÁ
@bT

@ Pb
@ÁT

@ Pb
@bT

3

775

­­­­­­­­
x D Nx

(14)

We can consider the estimated body frame to be an instantaneously
� xed inertial reference at the time of each measurement update
(think of taking a snapshot of a moving frame). The Bortz equation
then describes the evolution of the attitude relative to this inertial
referencestarting at Á.tk ¡ 1/ D 0, where tk ¡ 1 is the time of the mea-
surement update.

We seek a state transition matrix for the purpose of covariance
propagation. The simplest linearization is about NÁ D 0, but with
some effort we can de� ne a better linearization than that. Consider
the referencetrajectory NÁ.t/ given by the solutionto the Bortz equa-
tion for small rotations

d

dt
NÁ D O! C 1

2
NÁ £ O! C 1

12
NÁ £ . NÁ £ O!/ (15)

in the time interval t 2 [tk ¡ 1; tk ], where NÁ.tk ¡ 1/ D 0; ! D !g C Ob, is
the angular rate reference,and Ob is the bias reference.The bias refer-
ence trajectory Ob will be the a priori estimated bias, as is customary
in an EKF.

For the purpose of linearization,we can ignore the second-order
term NÁ £ . NÁ £ !/ in Eq. (11) and NÁ £ . NÁ £ O!/ in Eq. (15), and so
the reference trajectory is approximately the solution to the coning
equation

d

dt
NÁ D O! C 1

2
NÁ £ O! (16)

The rotation error between the true rotation vector Á from Eq. (11)
and the reference NÁ from Eq. (15) is obtained from the composition
rule for small rotations [Eq. (A4)]:

±Á D Á ± .¡ NÁ/

’ Á ¡ NÁ C 1
2 Á £ NÁ (17)

with ±Á.tk ¡ 1/ D 0. Differentiating this and simplifying (and omit-
ting second-order terms) yields, with ±b D b ¡ Ob,

d

dt
±Á D ¡ O! £ ±Á C ±b C ´a (18)

This copacetic result is equivalent to Eq. (135) of Ref. 1, Sec. XI,
where ±Á D 2±q for the ±q de� ned therein. In fact, this result can
be derived by using quaternions parameterized by the small-angle
rotationvectorsÁ and NÁ; the procedureis the same as in Ref. 1, Sec.

XI. Note that in both approachesthe attitude perturbation is de� ned
by a composition, ±Á D Á ± .¡ NÁ) and ±q D q ­ Oq¤. Therefore, the
attitudeupdate should be de� ned by a composition b±Á ± OÁ or b±q­Oq
rather than an additive update. The estimation error for the rotation
vector is, however,de� ned by e±Á D ±Á ¡ b±Á. The a priori estimated
b±Á is zero and is updated additively by the EKF.

Equation (18) and the bias equation together in matrix form are

µ
± PÁ
± Pb

¶
D

µ
¡[ O!£] I

0 0

¶ µ
±Á

±b

¶
C

µ
´a

´r

¶
(19)

where, to � rst order, the coef� cient matrix is F.Nx/ in Eq. (14). The
discrete-time solution to this equation is

±xk D 8k ¡ 1±xk ¡ 1 C 0k ¡ 1wk ¡ 1 (20)

where the state transitionmatrix 8k ¡ 1 D 8k ¡ 1.Tk / D 8.tk; tk ¡ 1/ is
given by

8k ¡ 1.¿ / D 8.tk ¡ 1 C ¿; tk ¡ 1/ D
µ

R.Ák ¡ 1.¿ // S.Ák ¡ 1.¿//

0 I

¶

(21)

evaluated at ¿ D Tk , where Tk D tk ¡ tk ¡ 1 . The rotation vector
Ák ¡ 1.¿/ is, to � rst order, the solution to Eq. (16). This approxima-
tion is removed by letting Ák ¡ 1.¿ / be the solution NÁ.tk ¡ 1 C ¿ / to
Eq. (15)with initial condition NÁ.tk ¡ 1/ D 0. De� neÁ D NÁk ¡ 1.¿ / and
’ D jÁj. The matrices R and S are given by

R.Á/ D .cos ’/I ¡
³

sin ’

’

´
[Á£] C

³
1 ¡ cos ’

’2

´
ÁÁT (22a)

S.Á/ D ¿

µ³
sin’

’

´
I ¡

³
1 ¡ cos ’

’2

´
[Á£] C

³
’ ¡ sin ’

’3

´
ÁÁT

¶

(22b)

The state transitionmatrix (21) is used only for propagatingthe EKF
covariance according to

Pk jk ¡ 1 D 8k ¡ 1 Pk ¡ 1jk ¡ 18
T
k ¡ 1 C Q Ik ¡ 1 (23)

where Q Ik ¡ 1 is the discrete-time process noise covariance (of
0k ¡ 1wk ¡ 1). This is related to the continuous-time process noise
by

Q Ik ¡ 1 D
Z Tk ¡ 1

0

8k ¡ 1.t/Gk ¡ 1.t/Qk ¡ 1.t/GT
k ¡ 1.t/8T

k ¡ 1.t/ dt

C QAWN (24)

where Qk ¡ 1.t/ D diag.6a ; 6r /, Gk ¡ 1 D I6 , and

QAWN D
µ

¾ 2
wI 0

0 0

¶
(25)

where ¾ 2
w the variance of the angle white noise at the output of the

gyro. The discrete-time process noise covariance matrix is, to � rst
order,

Q Ik ¡ 1 D

2

664

³
¾ 2

w C T ¾ 2
a C

T 3

3
¾ 2

r

´
I

T 2

2
¾ 2

r I

T 2

2
¾ 2

r I T ¾ 2
r I

3

775 (26)

where T D Tk .



858 PITTELKAU

Filter State Propagation
In general,! is not colinearwith Á because its direction can vary

with time. This is especiallytrue of highlymaneuverablespacecraft.
Coning motion will reduce the accuracy of the attitude estimate un-
less the attitude reference is propagated at a very high rate. This is
usually accomplished by propagating the attitude quaternion with
each gyro sample, which is inef� cient if it is performed at a high
rate. Savage11 gives general algorithms for numerically integrating
the Bortz equation for attitude propagation using the gyro mea-
surements. We present one of the simplest of such algorithms to
propagate the reference state equation (15).

In this algorithm the gyro sampling and the attitude propagation
are performed at a fast rate, and the attitude measurement and � lter
update are performedat a slow rate. Let T f be the fast cycle interval,
Ts the slow cycle interval, and m the number of fast cycles per slow
cycle such that T f D Ts=m. Let µk;` be the gyro measurement at
time tk C .` ¡ 1/T f and Oµk;0 D Oµk ¡ 1;m . The following propagation
algorithm from Ref. 11, Eqs. (46) and (47), is one of the simplest
and most ef� cient that can account for coning. For 1 · ` · m,

Oµk;` D µk;` C Obkjk ¡ 1T f (27a)

®` D ®` ¡ 1 C Oµk;`; ®0 D 0 (27b)

¯` D ¯` ¡ 1 C 1
2

¡
®` ¡ 1 C 1

6
Oµk;` ¡ 1

¢
£ Oµk;`; ¯0 D 0 (27c)

OÁk
k ¡ 1 D ®m C ¯m (27d)

The predictedbias estimate is given by Obk jk ¡ 1 D Obk ¡ 1jk ¡ 1 . The term
Obk jk ¡ 1T f compensates for bias in the gyro measurements. The al-
ready updated attitude reference is predicted according to either

Oqkjk ¡ 1 D q
¡ OÁk

k ¡ 1

¢
­Oqk ¡ 1jk ¡ 1 (28a)

or

OAk jk ¡ 1 D A
¡ OÁk

k ¡ 1

¢ OAk ¡ 1jk ¡ 1 (28b)

The attitude prediction OÁk
k ¡ 1 is thereby immediately put into non-

singular storage to avoid the potential nonsingularityof the rotation
vector. Therefore the reference trajectory Ák is zero immediately
after storage.

Remark: Although the subscripts kjk ¡ 1 and k ¡ 1jk ¡ 1 nor-
mally indicate a conditional expectation, it is emphasized here that
Oqk jk ¡ 1, OAk jk ¡ 1 , etc., are not expectations of q.Á/ or A.Á/ because
for any nonlinear function f .x/, Of .x/ 6D f . Ox/.

A special case of the propagation algorithm suitable for most
highly maneuverable spacecraft is for m D 1, where the fast cycle
rate equals the slow cycle rate. In this case the gyro data can be
simply summed to a slower rate, which is the same as integrating
the angular rate over a longer interval. The incremental attitude is
then

OÁk
k ¡ 1 D Oµk C 1

12
Oµk ¡ 1 £ Oµk (29)

where Oµk D µk C Obk jk ¡ 1Ts . Integration algorithms of higher order
than the preceding are found in Refs. 10, 11, and 19 of Ref. 11.

Remark: The attitude determination � lters developed in Refs. 6
and 7 utilize an attitude state transition matrix19 that is closely re-
lated to Eq. (29) but which is nonorthogonal and requires a costly
orthogonalizationstep, which is prohibitive at typical gyro sample
rates. A quaternionversion of the algorithm in Refs. 6 and 7 can be
derived from Eq. (17-23) on p. 565 of Ref. 17 by approximating the
derivative of the angular rate by a � rst-order difference of angular
rates. The propagated attitude quaternion then requires normaliza-
tion.

Filter State Update
The rotation vector estimate and bias perturbation estimate are

updated according to
µ b±Ák jk

b±bk jk

¶
D

µ b±Ákjk ¡ 1

b±bkjk ¡ 1

¶
C Kk ºk (30)

where
µ b±Ák jk ¡ 1

b±bk jk ¡ 1

¶
D

µ
0

0

¶
(31)

is the a priori estimate of the rotation vector relative to the attitude
frame represented by qk jk ¡ 1 . We also have the Kalman gain matrix
Kk D Pk jk ¡ 1 H T

k .Hk Pk jk ¡ 1 H T
k C Rk/

¡1 , where Rk is the measure-
ment covariance. The residual ºk and the measurement sensitivity
matrix Hk correspond to one of the measurement types de� ned in a
later section.

The attitude reference is updated according to either

Oqk jk D q. b±Ák jk/ ­Oqkjk ¡ 1 (32a)

or

OAk jk D A. b±Ákjk / OAkjk ¡ 1 (32b)

As with the attitude prediction, the attitude update b±Ák jk is immedi-
ately put into nonsingular storage to avoid the potential nonsingu-
larity of the rotation vector, and b±Ák jk is then reset to zero. For ef� -
ciencyreasonsmultipleupdatesfor the same measurementtime may
be accumulated in b±Ák jk before the attitude information is moved
into the quaternion for storage. The bias is updated according to
Obkjk D b±bk jk C Obkjk ¡ 1. There is no concern about quaternionapprox-
imation or normalization in the prediction and update except for
machine roundoff.

Covariance Update
The covarianceupdateis givenby the usualKalman � lter equation

Pk jk D .I ¡ K k Hk /Pk jk ¡ 1 (33)

(See Ref. 20 for details of the UD factorized calculation of this
update equation.) Note that the frame of reference for Pkjk ¡ 1 is the
predictedattitudegivenby the solution (28b) [or (28a)] to Eq. (27d).
The updated covariance Pk jk is also referenced to the predicted at-
titude frame. The reference frame for Pk jk should be updated from
Ak jk ¡ 1 to Akjk by applying the rotation correction b±Ákjk . The frame
correction is

Pk jk :D 9k Pkjk9
T
k (34)

where 9k is given by

9k D
µ

R. b±Ákjk / S. b±Ákjk /

0 I

¶
(35)

For ef� ciency, this frame update can be combined with the attitude
prediction[Eqs. (21) and (23)] on the next � lter cycle by computing
R and S from the combined rotation OÁk

k C 1 ± b±Ák jk .

Measurement Sensitivity Matrix
In this section we derive the measurement sensitivity matrix for

quaternion measurements and for vector measurements. Because
the measurements are independent of the gyro bias, the sensitivity
matrices will have the form

H D [H .i / 0n £ 3] (36)

where i D 1; 2; 3; : : : is a tag for each type of sensor, as de� ned
in what follows, and n is the number of scalar components in the
measurement. For quaternion measurements we will have n D 3.
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Sensitivity Matrix: Quaternion Measurements
The error in the quaternion “measurement” from a star tracker

can be modeled as a rotational error ² in the tracker frame. A small
body attitude perturbation ±Á in the body frame is transformed to
the tracker frame and added to the measurement error ² to form the
derived measurement

Ámeas D Ts
b±Á C ² (37)

where Ts
b is the body-to-sensor transformation matrix. A rigor-

ous but rather lengthy derivation can be made by using quaternion
algebra.14;15 Equation (37) is accurate to � rst order, which is suf� -
cient to compute the measurement sensitivity matrix

H .1/ D Ts
b (38)

The derived measurement Ámeas is easily and accurately computed
from the quaternion quotient

q.Ámeas/ D qm
i ­

¡
qs

b ­ Oqb
i

¢¤
(39)

where qm
i is the quaternionmeasurementat time k (which represents

the attitude of the measured sensor frame m), qs
b is the body-to-

sensor transformationquaternion, and Oqb
i D Oqk jk ¡ 1 is the a priori es-

timated attitudequaterniongiven by Eq. (28a).Note that the derived
measurement Ámeas is also the residual ºk (also called the predic-
tion error or innovations)because the a priori estimate of ±Á is zero.
(The a priori estimate is zero unless multiple updates are performed
without moving the estimate to nonsingular storage for ef� ciency
reasons, in which case the residual is simply ºk D Ámeas ¡ b±Á.)

If the � lter is initialized such that H1 P1j0 H T
1 À R1 , then

b±Á ’ .Ts
b/T Ámeas so that after moving the attitude information into

the quaternion we get

Oq1j1 D q. b±Á/ ­ Oq1j0

D q
¡¡

Ts
b

¢T
Ámeas

¢
­ Oq1j0

D
¡
qs

b

¢¤ ­qm
i (40)

where the difference between the m frame and the s frame is the
measurement noise. This � lter is well behaved because the esti-
mated quaternion equals the measured quaternion converted to the
body frame when the initial reference attitude is far from the � rst
measured attitude and the initial covariance is very large (ideally
in� nite). In general, nonlinear � lters should be initialized with an
estimate near the true state to avoid possible divergence problems.
For vector sensors,which do not observe attitude about their line of
sight, it is a matter of good general practice to initialize the attitude
determination � lter as described in the Initialization section.

Sensitivity Matrix: Focal Plane Measurements
Consider a vector vs D [vs

x ; vs
y; vs

z ]
T in the sensor reference

frame s that is measured by some generallynonlinear function with
additive noise ²:

y D h.vs/ C ² (41)

For a focal plane measurement

y D

2

4
vs

x

¯
vs

z

vs
y

¯
vs

z

3

5 C ² (42)

We need to compute the measurement sensitivity matrix

H .2/ D @h.vs/

@ÁT
D @h

@.vs/T

@vs

@ÁT
(43)

The vector vs in the sensor reference frame is related to a vector vi

in the inertial reference frame i by

vs D Ts
bA

¡
Áb

i

¢
vi (44)

Taking the partial derivative with respect to Áb
i by direct partial

differentiation is a rather laborious process, and so we will take
a different tact. We choose a reference attitude A.Ár

i / arbitrarily
close to the body attitude A.Áb

i / such that A.Áb
i / D A.Á/A.Ár

i /,
where Á is a small rotation vector from the reference attitude to the
body attitude. Knowing that second-order terms will vanish in the
limit as Ár

i ! Áb
i (frame r ! frame b), we can use the � rst-order

approximation A.Á/ ’ I ¡ [Á£], and so we have

vs D Ts
bA

¡
Áb

i

¢
vi

D Ts
bA.Á/A

¡
Ár

i

¢
vi

D Ts
bA.Á/vr

’ Ts
b.I ¡ [Á£]/vr

D Ts
bvr C Ts

b[vr £]Á (45)

Noting that the r frame coincides with the b frame when Á D 0, we
obtain

@vs

@ÁT

­­­­
Á D 0

D Ts
b[vb£] (46)

The measurement sensitivity matrix for the vector sensor is then

H .2/ D

2

664

1
¯

vs
z 0 ¡vs

x

¯¡
vs

z

¢2

0 1=vs
z ¡vs

x

¯¡
vs

z

¢2

3

775 Ts
b[vb£] (47)

where the vectors vs D .vs
x ; vs

y; vs
z /

T and vb are computed using the
a priori estimate of the attitude quaternion. The predicted measure-
ment is given by

Oyk D h
¡
Ovs

b

¢
(48)

where

Ovs
b D Ts

bA
¡ OÁb

i

¢
vi (49)

and A. OÁb
i / D OAkjk ¡ 1 is the a priori estimatedattitudefromEq. (28b).

(Note that Ovs
b can be computed directly from Oqkjk ¡ 1 so that OAk jk ¡ 1

does not also have to be computed.) The residual is simply
ºk D yk ¡ Oyk .

Sensitivity Matrix: Vector Measurements
The measurement function for a three-axis magnetometer is

y D vs C ² (50)

Because the three-axis magnetometer is a true vector sensor, all
three axes are measured, and so @h=@.vs /T D I. The measurement
sensitivity matrix is

H .3/ D Ts
b[vb£] (51)

The predicted measurement is given by

Oyk D Ovs
b D A

¡ OÁb
i

¢
vi (52)

and the residual is simply º k D yk ¡ Oyk .
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Initialization
A correct implementation of any nonlinear � lter, including an

attitude determination � lter—correct in the sense of good design
practice and numerically robust—would initialize the reference at-
titude with a quaternionmeasurement or a quaternion derived from
vector measurements so that the initial attitude error is no greater
than the measurement error. This avoids linearizationproblems and
concomitant convergence problems. The attitude covariance is ini-
tialized to the measurement error covariance.The measurement up-
date is then nowhere near a singularity, and subsequent prediction
errors and state updates are small. A large initial bias error is of no
consequenceas longas the biascovarianceis initializedaccordingly.

Conclusions
The differential equation for the evolution of the rotation vector,

known as the Bortz equation, was introduced as a kinematic model
for attitude determination. Although the Bortz equation exhibits a
singularity, as do all three-dimensional attitude parameterizations,
singularityis avoidedby storing the attitude informationin a quater-
nion or direction cosine matrix (DCM) and by maintaining the rota-
tionvectornear zero.The quaternionorDCM itself is not an intrinsic
part of the design of the � lter—the attitude informationcould just as
easily have been stored in any nonsingularattitude representation—
and so technicalissuesassociatedwith otherapproachesdo not arise
in the derivation in this paper.

In effect the � lter does not know anything about the attitude
quaternion or DCM. It knows only that before each update it starts
at zero rotation with an a priori covariance of attitude error. Con-
ceptually, this means that the attitude quaternion or DCM carries
no error and the covariance matrix represents the error in the � l-
ter’s estimate of attitude,where the � lter’s estimate always has zero
mean but representsattitude relative to the quaternionor DCM. Said
another way, once it is computed, the attitude quaternion or DCM
is simply a perfectlyknown and convenient inertial reference frame
for the � lter.

Various numerical integration algorithms for the Bortz equation
are available that account for coning, which occurs when the an-
gular rate vector is not parallel to the rotation axis. Coning can be
caused by certain spacecraftmaneuversor by vibration (jitter). Ef� -
cient low-order algorithms that effectivelyaccount for coning were
introduced.

Appendix: Composition Rule for Rotation Vectors
A compositionruleÁ D Á1±Á2 for two rotationvectorsÁ1 andÁ2

is easily derived from the quaternionproduct qÁ D q.Á1/ ­q.Á2/;
where

q.Á/ D
µ

r
s

¶
D

2

4
1
2

Á
sin.’=2/

’=2

cos.’=2/

3

5 (A1)

where ’ D jÁj and similarly for q.Á1/ and q.Á2/. The quaternion
product is de� ned by

q.Á1/ ­q.Á2/ D
µ

s1I ¡ [r1£] r1

¡rT
1 s1

¶ µ
r2

s2

¶
(A2)

From these de� nitions it is easily shown that

Á
sin.’=2/

’=2
D Á1

sin.’1=2/

’1=2
cos.’2=2/ C Á2

sin.’2=2/

’2=2
cos.’1=2/

¡ 1
2

Á1 £ Á2

sin.’1=2/

’1=2
sin.’2=2/

’2=2
(A3)

from which the composition rule can be written. The coef� cient
of Á on the left renders Á unde� ned when the angle of rotation
’ reaches a nonzero multiple of 2¼ . This is a consequence of the
fact that there is no three-parameter representation of attitude that
is globally nonsingular.

For small ’1 and small ’2, we can make the approximation

Á D Á1 C Á2 ¡ 1
2
Á1 £ Á2 (A4)

Based on this result, a � rst-order attitude propagation (integration)
algorithm can be written for rate-integrating gyros. It is only � rst
order because the rotation vector is not equal to the integral of the
angular rate in the presence of coning motion. For small angular
increments this � rst-order algorithm is equivalent to accumulating
the angular increments with the computationally more demanding
quaternion product q.Á/ D q.Á1/ ­q.Á2/.
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